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1. Introduction    

NASA (2018) defines redundancy as the “use of more than one independent means to accomplish a given task.” 

Sullivan (1969) described for readers of The New York Times how redundancy sustained NASA‟s Apollo 10 

mission. When the spacecraft lost the use of a fuel cell, two additional fuel cells were available to provide 

electrical power and the mission continued. The trade-off in the design of a complex system is that stringent 

reliability goals may require high levels of redundancy while the added cost, weight or size may be inconsistent 

with the system‟s purpose or infeasible given the system‟s resources. Chern (1992) has shown that optimization 

models of such trade-offs may be difficult to solve. At the same time, he identified models of redundancy 

allocation that can be solved in polynomial time.                         
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2. Related Work 

Reliability is a critical factor in the design of engineering systems, and active redundancy, used in Models (1) and 

(2), is only one of many ways in which redundant components can be configured to sustain the performance of a 

subsystem. Birolini (2017) and Elsayed (2021) give detailed accounts of how to design and test for conformance 

to reliability requirements; they also describe and analyze varied configurations of redundant components. 

Systems engineered for high reliability are often operated by people who provide critical services to their 

communities. Roe and Schulman (2016) study how management, regulation and political leadership can improve 

the reliability of interconnected infrastructures. They obsesrve that experienced operators of these infrastructures 

have valuable information about the need for redundancy in plans to recover from unexpected events and about 

problems caused by lack of redundancy when a system is used in circumstances not considered in its design. 

Rueda and Pawlak (2004) offer a brief history of reliability theories, which include not only optimization, but 

also techniques and concepts from probability theory, statistics, stochastic processes and visual modeling 

methods. Tillman, Hwang and Kuo (1977) classified reliability optimization problems and reviewed the 

techniques of mathematical programming then available to solve these problems. They found that no single 

method was best suited to all problems and that the computing time and memory required to achieve exact 

solutions might be unrealistic in practice. Mohamed, Leemis and Ravindran (1992) classified optimization 

problems for redundancy allocation and reliability allocation according to the structure of the modeled system 

and whether or not components were repairable. They added heuristics to the list of optimization techniques and 

reported on computational experiments that compared optimization methods. Kuo and Prasad (2000) 

characterized the use of meta-heuristics, such as simulated annealing, genetic algorithms and tabu search, for 

redundancy allocation as possibly the most attractive development of the 1990‟s. Kuo and Wan (2007) reported 

on new optimization methods, such as ant colony algorithms, and new modeling opportunities, such as modeling 

the type of redundancy as a decision variable.   

Coit and Zio (2019) discuss the prospect of improving the reliability of complex systems through upgrades 

developed by integrating optimization models with operational data about system performance. Moskowitz and 

McLean (1956) studied a variant of Model (1), in which the requirement that the values of decision variables are 

restricted to the positive integers is relaxed so that the values of the decision variables need only be positive. They 

obtained the optimal solution and proposed that rounding would provide an adequate, if not exact, solution of the 

discrete model.   
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Chern (1992) proved that Model (1) can be solved in polynomial time, although the related model with parameters 

ρ1, ρ2, . . . , ρn in place of the single parameter ρ is NP-hard. Nmah (2011) studied the continuous relaxation of 

this NP-hard model and obtained an explicit representation of the unique optimal solution. Bhattacharya and 

Roychowdhury (2014) studied a related model in which additional parameters allow the reliabilities of the 

redundant components to differ from the reliabilities of the components considered part of the original design. 

For Model (2), Nmah (2016) constructed examples to show that the distance between optimal solutions of the 

discrete redundancy allocation model and its continuous relaxation could be arbitrarily large. Kaufmann, 

Grouchko and Cruon (1977) developed an algorithm to produce an optimal solution of Model (1) for the objective 

vector (1, 1, . . . , 1). Nmah (2017) developed a faster algorithm for the same problem.  

3. Isolating an Optimal Solution  
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5 . Lack of Sensitivity of an Optimal Solution to Large Values of the Coefficient c   
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6 .  Examples and Discussion   
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